Juan Andrés Cabral

Exchange economy with Cobb-Douglas utility functions

In an economy there are two consumers, A and B, who consume two goods, good z and good y. The
preferences of these consumers are given by the following utility functions:

ua = (za-ya)®

up =1In(zp) + 21n(ys)

Consumer A has an initial endowment wy = (9,2), while consumer B has an initial endowment
wp = (%, 3). Since these consumers spend all their income and take prices as given, answer the following:

1. What relative price equilibrates the market? What are the consumption bundles of both consumers
after trade?

2. What conditions must hold to ensure that we are in a market equilibrium (Walrasian equilibrium)?
3. Find the contract curve and the Utility Possibility Frontier (UPF)

4. Verify that the equilibrium found in part 1) is efficient, using your result from part 3)
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Solution
1. Let prices be (pg, py)

Consumer A solves

max (l‘AyA)2
TAYA

subject to

PeT A+ DyYa = Pz -9+ py -2

Since (z 4y A)2 is a monotonic transformation of x 4y4, consumer A solves the equivalent problem

max TAYA
TAYA

subject to

DeTA + Dyya = Ipz + 2py

The Lagrangian is

La=xaYa+ Aa (9pe + 2Py — P2Ta — PyYa)

The first-order conditions are

oL

aiA :yA_Apr =0
TA

0L A

@ :JfA*)\Apy =0

oL
A4 = Ipz + 2py — PeTa — pyya =0
ola

From the first two conditions,

ya _ T
Dz Dy

PyYA = Pzl A

Thus consumer A spends one half of income on each good, so

A — Ips + 2py
4 2py

_ Ipz + 2py

YA
2py

Now consumer B solves

max In(zp) + 2In(yp)

TB,YB

subject to
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3
De®B + PyYB =pm5+py-3

The Lagrangian is

3
Lp=In(zp)+2In(ys) + Ap <2px +3py — P2TB — pyy3>

The first-order conditions are

1
%5 - L _app. =0
8xB rB
0Lp 2
=L = = _\gp, =0
dyp YB 5Py
oLg 3

v 5Pa +3py — pzxp —pyy =0

From the first two conditions,

1/zp _ Pz
2/1/3 Py
Y _ Pz
2xp Dy
PyYB = 2pzTB

Thus consumer B spends one third of income on good x and two thirds on good ¥, so

3
5 ;1)+3
rp = 2p3p Py
2 (3P0 +3py)
YB =

3py

Now impose market clearing. Total endowments are

3 21
T — 9 _ = —
z + 5 5
Yy=2+3=5
Using market clearing in good v,
Yyat+yp=>5

Ip, + 2py + 2 (%pr + 3py)
2py 3py

=5

9Ipe + 2py 4P + 2py

=5
2py Dy

Multiplying by 2p,,
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9z + 2py + 2p, + 4py = 10py

11p, + 6p, = 10p,

11p, = 4p,
p(l? . 4
p, 11

We now substitute this relative price into the demands

For consumer A,

9. +2p, 9-&+2 30422 58 99

TA= = = =
2P, 2.4 2 8 4
9. +2py, 9 71 +2 J+FHE 5829
AT T, T 2 T T2 T2 n

For consumer B,

_5pat3py 3o +3 G +T 39 13
i 3Pz 34 12 12 4

yp— 2GPt3y) 20+ %) 29 26

( ) 29 29
‘:L / p— —, T
A YA 111
( ) 13 26
rp,yp) = | —, —
b in 111

Hence, the market-clearing relative price is z— = % and the equilibrium consumption bundles are

29 29\ ¢ . o 1 (13 26
(I, ﬁ) for consumer A and ( T 11) for consumer B

. A Walrasian equilibrium in this exchange economy is a price vector (ps,p,) with p, > 0 and p, > 0,
together with an allocation

(J?A, ?JA)7 (xBa yB)
such that the following conditions hold

(a) Utility maximization
Given prices, each consumer chooses the most preferred bundle in their budget set
Consumer A solves

(2a,ya) €arg  max {(zaya)? : pexa +pyya <ps-9+py, -2}

Consumer B solves

3
(rp,yp) € arg max {ln(xB) +2In(yg) : petB +DyYB <Du- = +Dy- 3}
zp>0, y5>0 2
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Since both utility functions are strictly increasing in both goods, the budget constraints hold with
equality at equilibrium
PeTA +PyYa =Pz -9+ py -2

3
PzTB + PyYB :pz~§+py~3

(b) Feasibility and market clearing
Total consumption must equal total endowments in both markets

+ 9+3 21
T rg = - = —
A B 5 5

ya+typ=2+3=5
(c) Positive prices
Prices must satisfy
pz >0 Py >0
Using the result from part (1), we can quickly verify these conditions

The candidate equilibrium was
Pa 4
Dy 11

nn) = (2,29 g — (1320
TA,YA) = 4711 IB,YB) = 4711

29 13 42 21

Feasibility holds because

2 2% 5 _

m 1 1
If we normalize p, = 11, then p, = 4, so prices are positive
Budget exhaustion also holds

For consumer A,

29 29
4-Z+11-ﬁ—29+29—58

4-9411-2=36+22=058

For consumer B,
13 26
4. —+11-—=13+26=
1 11 3+26=239

3
4~§+11~3:6+33:39

Hence, the allocation found in part (1), together with the relative price g— = 1—11 satisfies all the
Y
conditions of a Walrasian equilibrium
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3. The total endowment in the economy is

3 21
o — L — —_2 —
x—9+2—2 Yy=2+3=5

To find the contract curve, we characterize the Pareto efficient allocations
At an interior efficient allocation, the marginal rates of substitution must be equal

For consumer A,

up = (xAyA)2

MU, , :QxAyi MU, , :QxiyA

Therefore,
MUQL- Yya
MRS, = 4 ==L
AT MU,  xa

For consumer B,

up =In(zp) +21n(yg)

1 2
MU, , = — MU, = —
B YB
Therefore,
MU, YB
MRSp = —2 = —
BT MU,  2zp
Efficiency requires
ya _ Y
TA 2rp
Using feasibility,
21
Tp=5 —Ta YB=5-Ya
we obtain
ya S —ya

FyRRT Caryy

Ya _ d—ya

za 21 —2zx4
yA(Zl — 2:rA) = :EA(5 — yA)

21ya — 2T4YA = 5TA — TAYA

21lys — vAYA = 524
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yA(21 —Z‘A) = 51‘,4

Thus, the contract curve is

5ZL‘A 21
= - O0<apg < —
YAT o s AT

Equivalently, in terms of both consumers’ allocations,

E e
('/rAa g/A) = (mAa OLA)

21 — x4
21 ST A 21
== —Ta, 5 — —— 0<oa<—
(zB,yB) <2 TA, O 21—1’/4) TA 5

Now we derive the Utility Possibility Frontier by evaluating utilities along the contract curve

For consumer A,

Ua = (xAyA)Q
o 5$CA 2
Ua = (“ 21 —mA)

2
Uy = 5%
21 — TA

For consumer B,

U =In(zg) + 21n(yp)

e 524

Since

. 5za  5(21 —2x,)
21— x4 21 —x4

we get

21—.’[:,4

Ug =In <221 —1:,4) +2In <5(212“)>

Hence, a parametric representation of the Utility Possibility Frontier is

2
Uy = 51?4
21 — x4

21 5(21 — 2z 21
U3111<2.1;A>+2111<w) O<.’L‘A<§

. . 51 . o1 .
Therefore, the contract curve is given by y4 = 5254— and the UPF is the set of utility pairs generated

” 21—xa ©
by this curve
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4. From part (1), the equilibrium allocation is
o) = (2 2) Gmww) = (5.0
TA,YA) = 4 ) 11 IB,YB) = 4 ) 11

From part (3), the contract curve is given by

5£EA

YA = o1 "o

29

We now check whether the equilibrium allocation satisfies this condition. Substituting x4 = <7,

5.2
Ya= o
21 -2

ya = 84 59

ya = 55

29
Yya = 11
which is exactly the equilibrium value found in part (1)

Therefore, the allocation found in part (1) lies on the contract curve
Since every feasible allocation on the contract curve is Pareto efficient, it follows that the equilibrium

allocation is Pareto efficient
We can also verify this through the marginal rates of substitution

At the equilibrium allocation,

29
ya 1 4
MRS, =2A - 1L _
AT a2
26 26
YB T 5 4
MRS» = 9B _ 1 _ =
Py 2.3 B 11
Thus,
] , 4
]\JRSA:]\JRSBZH

which confirms again that the equilibrium allocation is efficient
Hence, the equilibrium found in part (1) is Pareto efficient because it lies on the contract curve, and
equivalently because the two consumers’ marginal rates of substitution are equal at that allocation
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